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To ensure high quality of granular products post-industrial operations, it is necessary to precisely define their micro–
macro mechanical properties. However, such an endeavor is arduous, owing to their highly inhomogeneous, anisotropic
and history-dependent nature. In this article, we present the distributed granular micromechanical and macromechani-
cal, energetic and breakage characteristics using statistical distributions. We describe the material behavior of elasto-
plastic zeolite 4AK granules under uniaxial compressive loading until primary breakage, and localized cyclic loading
up to different maximum force levels, at different displacement-controlled loading rates. The observed force-
displacement behavior had been approximated and further evaluated using well-known contact models. The results pro-
vide the basis for a detailed analysis of the viscous behavior of zeolite 4AK granules in the moist and wet states, indi-
cating that higher compressive loads are required at higher displacement-controlled loading rates to realize equivalent
deformation and breakage probability achieved by loads at lower displacement-controlled loading rates. VC 2014 Ameri-

can Institute of Chemical Engineers AIChE J, 60: 4037–4050, 2014
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Introduction

According to a survey reported almost a couple of decades
ago, granular products account to 60% of final products in
the chemical industry alone, with an annual economic value
of almost US$ 1 trillion in the US alone.1 With the diversi-
fied and increasing requirements of today’s global market,
one can only predict that the economic value may have dras-
tically increased. Granulated products, that is, granules are
inhomogeneous complex particle–particle compounds (semi-
permanent aggregates of size 100 lm or larger), composed
of individually identifiable solid primary particles (fine to
ultrafine powders of size ranging from 1 to 100 lm) and
processing additives such as binders, bonded together by
adhesive forces, liquid or solid bridges. They are tradition-
ally preferred ahead of their constituents, that is, powders,
due to their better flowability mixability, permeability, dis-
persion and dissolution, easier handling and classification,
lesser segregation, reduced dust formation and material
losses, as well as flow resistance and sintering temperature,
and well-defined physical properties such as size, shape, den-
sity, porosity, composition, and stability.2,3 Nevertheless,
they also possess disadvantages such as non-uniform, aniso-
tropic, and history-dependent mechanical behavior which
often results in undesired breakage leading to fragmentation
producing fines and dust.

In general, granules are processed in continuous modes,

handled, transported, and stored as bulk solids, during which

the granule bed may be subjected to quasi-static stressing

(see Figure 1), for example, in storage silos, catalyst reac-

tors, adsorption column packings, and so forth, and dynamic
stressing, for example, in centrifuges, discharge hoppers,

pneumatic conveying, and so forth. However, in every indus-

trial practice, processes often advance at low granule concen-

trations, for example, dilute-phase pneumatic conveying,

apparatus filling, and so forth. At such conditions, individual

granules are stressed (see Figure 1) under varying strain
rates. Due to such stressing events, granules may deform and

undergo attrition and/or breakage.
In comminution processes, breakage of total granule popula-

tion with a minimal stressing energy input is desired, whereas
to avoid undesired product failure by breakage, handling proc-
esses are required to advance such that the stressing energy
input falls below the minimum energy required to initiate
breakage (see Figure 2). Nevertheless, during comminution
processes, there is limited control over breakage of individual
granules, thus, the stressing energy input may be substantially
higher than the minimum required to initiate desired breakage.
Similarly, during handling processes, the stressing energy input
may be substantially sufficient to initiate undesired breakage
of individual granules. To design industrial equipment and cor-
responding operations with granules (be it for comminution or
handling purposes), it is necessary to precisely evaluate their
micro-yield and macro-breakage probability, for example,
eventually, defining clear cut-off energy requirements to initi-
ate micro-yield and macro-breakage. As, such precise defini-
tions of the energy requirements are arduous to represent,
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mostly a “trial-and-error” approach is followed in industrial
operations with granules.

To progress toward solving this industrial problem, the
distributed mechanical properties and predictable limits of
the micro–macro constitutive relationship with respect to
material properties (microscopic: primary particulate content,
interparticulate interactions, binder material content, and
solid bridge strength; and macroscopic: size, shape, and den-
sity), and process conditions (humidity, time of contact,
point of contact, intensity and frequency of stressing events)
are necessary. In previous communications,6–10 we have

extensively described the influences of granule size, humidity
(represented by moisture content), stressing intensity (repre-
sented by loading force), and frequency (represented by num-
ber of loadings) on the material behavior of model elasto-
plastic granules under uniaxial compression. In this article, we
present the effects of displacement-controlled loading rates on
the material behavior under uniaxial compression.

In principle, the effect of loading rate arises from the dif-
ference in the velocity of stress wave propagation throughout
the entire volume of the granule during loading and unload-
ing. Thus, at different loading rates, a clear difference may
be observed in the realized deformation and/or breakage of
the granule. Furthermore, according to Gorham,11 Vogel and
Peukert,12 and Zhang and Wong,13 as larger granules have to
be compressed at proportionately higher displacement-
controlled loading rates to achieve equivalent strain rates as
for smaller granules, it is thus expected that a higher stress-
ing energy input is required to achieve an equivalent defor-
mation or breakage probability of a large granule in
comparison to a smaller one. Nevertheless, this difference is
significant only in case of dominantly viscous granules.

Similarly, the nucleation and propagation of initial (ring
and radial) cracks in the elastically and the plastically
deformed annular and central zones, respectively (see
Sch€onert14 and Tomas et al.15), may occur at different rates
directly correlating with the corresponding loading rate.
According to Rumpf,16 Tavares and King,17 Tavares,18 and
Qi et al.,19 different rates of crack propagation primarily cor-
relate with different rates of deformation, and eventually
affects the breakage probability. Moreover, as shown by Sal-
man and Gorham20 and Tang et al.,21 each stress wave in
itself does not propagate with a uniform velocity, due to the
presence of structural inhomogeneous locations such as
pores, solid bridge bonds, micro-cracks, and defects within

Figure 1. Stressing of granule beds and single granules during industrial processes.4,5

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 2. The statistically distributed breakage proba-
bility of a certain granule population.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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the granular volume. In addition to such volumetric inhomo-
geneity, granules also exhibit superficial inhomogeneity with
varying roughness and curvature, thereby making the deter-
mination of the micromechanical properties, the energetic
quantities, and the breakage probability highly unpredictable
with a large scatter.

Khandelwal and Ranjith22 suggested that the deformation
and breakage realized in coarse agglomerates (such as rock,
concrete, etc.) are due to unstable crack propagation follow-
ing stable crack growth. The authors showed that at higher
displacement-controlled loading rates, agglomerates exhibit a
higher modulus of elasticity, and higher loads are required to
achieve breakage in comparison to the same at lower
displacement-controlled loading rates. Comprehensive
reviews on the investigations done, to understand the com-
pression behavior of coarse agglomerates, at different load-
ing rates, have been given by Zhang and Wong13 and
Khandelwal and Ranjith.22 However, such results have not
yet been evaluated for granules, that is, millimeter-sized
agglomerates.

Although, several works (see Table 1) have been reported
on the material behavior of individual granules compressed
under different displacement-controlled loading rates, a com-
parative analysis pointing out the influences of the loading
rate has not yet been furnished. This article presents evalua-
tions which point out the influences of the displacement-
controlled loading rate on the micromechanical and macrome-
chanical properties. Further novel aspects such as, determina-
tion of an energetic coefficient of restitution for simulating
mechanical processes where compressive stresses dominate,
influences of strain hardening during reloading of a preloaded
granule, and identification of the so-called “Bauschinger
effect” during unloading of a loaded granule are also
described in this article.

Experimental

Materials and methods

As experimental material, zeolite (alumina silicate crystals
containing a sodium ion) granules of the type 4AK produced

by Chemiewerk Bad K€ostritz had been selected. They are
characteristically elasto-plastic, almost spherical, highly
hygroscopic, water insoluble granules. They are produced by
pelletizing, that is, by wet granulation of fine zeolite powder
with solid mineral binder attapulgite and other potentially
important additives (see Schumann et al.37). Following gran-
ulation, the produced granules are thermally dried and acti-
vated at a temperature of 550�C, during which the binder
consolidates and forms a matrix in which the primary par-
ticles are embedded in. The granules are widely known as
molecular sieves (due to their well-defined pore network)

and are used for the desiccation of air-conditioners in auto-

mobiles, hydrogen, oxygen, air, organic solvents, hydrogen

purification, insulating glass, control of moisture in packages,

and conservative bags. Furthermore, they are used as addi-

tives in the manufacture of detergents, cosmetic masks,

creams, and as adsorbents for the removal of hydrocarbons,

ammonia, and methanol from gas streams. Due to such

extensively wide applications, zeolite 4AK granules are

widely used in industrial sectors, such as in gas processing,

package production, automotive, cosmetic, chemical, petro-

chemical, glass and white good industries.
The structural inhomogeneity of zeolite 4AK granules

have been reported using scanning electron microscopy and

micro-computed tomography by M€uller et al.9 and Russell

et al.,10 respectively. For the study described herein, two

granule size fractions of 1.25–2.24 mm and 2.50–4.00 mm

had been selected. The granule-size distribution on the mass

basis is presented in Figure 3 while their granulometric and

physical properties are presented in Table 2.
Individual granules had been tested by uniaxial compres-

sive monotonic loading until primary breakage and cyclic

loading (at a unique contact) up to different defined maxi-

mum force levels Fm in measures of the yield force Fy

(which is approximately equal to 8 N and 10 N for 1.75 and

3.01 mm sized ranged granules respectively). The 1.75 mm

size ranged granules were tested by maximum compressive

force levels of 0.5 Fy, 1 Fy, and 1.5 Fy, while the 3.01 mm

size ranged granules were tested with 0.4 Fy, 0.8 Fy, 1.2 Fy,

Table 1. Historical Survey of Investigations Reported on the Compression Behavior of Granules

Authors Material Size Fraction in mm Loading Rate in mm/s

Iveson23 Soda-lime glass spheres 0.01–0.09 0.01, 1, 10, 30, 100, and 150
Salman and Gorham20 Soda-lime glass spheres 0.40–12.70 0.0008
Couroyer et al.24 Catalyst alumina beads 1.70–2.00 1, 10, and 100
Franks and Lange25 Saturated alumina compacts 1.80–2.00 0.008, 0.01, 0.08, and 0.3
Khanal26 Concrete agglomerates 150.00 1000
Cheong et al.27 Binderless polystyrene particles 3.35–4.00 0.0001, 0.001, 0.01, and 0.1
Samimi et al.28 Detergent granules 1.00–2.00 0.001–0.008
Al Mahdi et al.29 Dried milk and wheat flour capsules 30.00 0.1
Antonyuk5 Zeolite 13X granules 0.90–1.70 0.02, 0.08, and 0.15
Smith30 Soda-lime glass spheres 0.02–0.09 0.1, 1, 10, 100, and 180

Lactose granules 0.04–0.15
Nguyen et al.31 Calcium alginate microspheres 0.08–0.13 0.01–1
Aman et al.32 Soda-lime glass spheres 0.60–3.50 4.5 and 9

Salt, basalt, sugar, and marble particles 1.25–5.00
M€uller33 Zeolite 4AK granules 1.00–3.00 0.02
Wiącek et al.34 Piast chicken pea particles 6.90–8.00 0.005

Komosa bean particles 5.40–12.20
Hanley et al.35 Infant formula food agglomerates 0.71–0.85 0.01
Portnikov et al.36 Salt particles 2.00–4.00 0.005

Soda-lime glass spheres 0.71–3.35
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and 1.6 Fy. All tests were performed at different constant

displacement-controlled loading rates of vL 5 0.01, 0.02, 0.08,

and 0.15 mm/s. A schematic representation of the performed

single granule uniaxial compression tests between two flat and

stiff contacts (walls) is shown in Figure 4. To achieve statisti-

cally representative results, measurements of at least 25 individ-

ual granules (per series) under cyclic loading and at least 100

individual granules (per series) under monotonic loading, had

been evaluated. The selected number of individual granules are

sufficient to achieve representative results for the described tests

due to their narrow-size distributions (see Figure 3), their sphe-

ricity (see Table 2) and previous communications6–10 which

describe their mechanical properties with a standard deviation

lesser than 15%.

Results and Discussion

Micromechanical properties

The observed experimental force-displacement behavior
had been approximated and further evaluated to determine
the micromechanical properties. A simple linear approxima-
tion of elasto-plasticity had been applied in analogy with the
linear Walton–Braun model38 according to

FL5kLs (1)

FU5kUðs2smÞ (2)

with FL and FU the contact forces at loading and unloading,
kL and kU the contact stiffnesses at loading and unloading,
s the displacement, and sm the displacement corresponding
to maximum applied force.

Similarly, a non-linear approximation of the force-
displacement curve had also been applied. The elastic loading
regime had been approximated using the non-linear Hertz
model,39 which assumes the contact pressure to be elliptically
distributed within the circular contact zone. With the sub-
scripts 1 and 2, respectively, representing the two contact part-
ners, that is, the granule and the wall, the force-displacement
relationship during elastic loading of a spherical granule
between two flat and stiff walls can be expressed as
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with Fel the elastic contact force, s the total deformation of
the granule between the two contacts (walls) which is
assumed as twice the deformation at one contact d, and m the
Poisson’s ratio which is assumed to be equal to 0.3 (see
Antonyuk5).

E* the effective modulus of elasticity of both contact part-
ners within the self-equilibrating elastic contact is given by40,41
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and R* the effective radius of curvature of both contact part-
ners (characterizing the mean surface curvature of both con-
tact partners prior contact flattening) is given by
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The elastic contact stiffness kel follows from the first spa-
tial derivative of the elastic contact force (gradient of the
force-displacement curve until maximum elastic load)
according to
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with E1 the modulus of elasticity of the granule, equal to the
gradient of the linear regime in the so-called linearized
Hertzian plot (see Figure 5b), obtained by plotting the quan-
tity 3F(12m1

2)/d1
1/2 as a function of s3/2.

Figure 3. Granule size distribution on the mass basis.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 2. Granulometric and Physical Properties of Model

Zeolite Granules

Content
Primary Particles:

Zeolite 83%
Binder:

Attapulgite 17%

Chemical
composition

Na2O�Al2O3�
2SiO2�nH2O

(Mg,Al)2�Si4O10�
OH�4H20

Granule size
(mean diameter)
d50 in mm

1.75 3.01

Sphericity w 0.98 0.98
Solid (true) density

qs in kg/m3
2,290.7 2,374.7

Granule density
qg in kg/m3

1,127.9 1,102.0

Porosity e in % 50.76 53.59
Specific surface

area Sm in m2/kg
38.13 44.25

Figure 4. Schematic representation of single granule
uniaxial compression tests.
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From the deviation of the experimental values away from
the linearized Hertzian elastic region, the yield point, that is,
onset of incipient plastic yielding at the central contact zone

can be identified and the characteristic elastic limits, yield
force Fy and yield displacement sy can be noted by correlat-
ing with the corresponding force-displacement curve. As the
curve resembles a straight line from the origin until the elas-
tic limit, that is, yield point, its gradient is thus constant
within this regime. Therefore, the modulus of elasticity at
applied maximum compressive loads below the elastic limit
(such as 0.5 Fy in case of 1.75 mm; 0.4 Fy and 0.8 Fy in
case of 3.01 mm size ranged granules) had been determined
from the gradient of the linearized curve until maximum
load.

Figure 6 presents distributions of the fundamental microme-
chanical properties within the elastic range, that is, modulus
of elasticity and the elastic stiffness at maximum elastic loads,
determined under cyclic loading at different loading rates.

Subsequently, the elasto-plastic loading regime (where
irreversible plastic yielding initiates at the central contact
zone and expands to the annular periphery which continues
to deform elastically at substantially lower stresses) had been
approximated using the non-linear model of Tomas42 accord-
ing to
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with kel-pl as a fitting parameter of the model (see M€uller33).
The displacement-dependent dimensionless contact area

ratio jA, represents the contribution of the inner circular
plastically yielding contact area Apl to the total deformation
area Atot including an annular elastic deformation according
to43,44
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and the compressive micro-yield strength py (boundary of
compressive strength, at which irreversible plastic yielding
initiates) is given by

py5
6

p
Fy

syd1

: (9)

The elasto-plastic contact stiffness kel-pl follows from the
first spatial derivative of the elasto-plastic contact force
according to

Figure 5. Characteristic (a) loading curve and (b) its corresponding linearized Hertzian plot.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. Observed trends of (a) the modulus of elas-
ticity and (b) the elastic stiffness at maximum
elastic forces determined under cyclic load-
ing at different loading rates in a granule of
size d50 5 1.75 mm.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Figure 7 presents distributions of the fundamental mechan-
ical properties in the elasto-plastic regime, that is, the micro-
yield strength and the elasto-plastic contact stiffness at
maximum load determined at different loading rates.

Considering significant elasto-plastic deformation during
loading, the elastic limits of the granule may be altered, due
to rearrangement of structural inhomogeneities within the
central plastically yielding contact zone (independent of the
change in curvature). Eventually, facilitating a local harden-
ing, in the direction of the maximum principal strain, thereby
causing an increase in the modulus of elasticity. Figure 8a
represents a comparison of the moduli of elasticity of gran-
ules during loading and unloading determined using the so-
called linearized Hertzian plot. Interestingly, the observed
modulus of elasticity during unloading is significantly lower
than the same which had been observed during loading. The
reason being, that the stress state differs significantly, consid-
ering the granule relaxing in the normal direction, opposing
the transverse strain resulting due to the confined contact
force. This phenomenon is best explained by the well-known

Bauschinger effect, where the micro-yield strength that with-
stands compressive and tensile stresses vary inversely, at the
expense of each other. However, on reloading, a higher mod-
ulus of elasticity than the previous loading cycle can be
observed (see Figure 8a), due to strain hardening, as pre-
dicted in previous communications.7,10 Figure 8b presents
the modulus of elasticity observed during unloading at dif-
ferent loading rates.

Moreover, apart from the yielding of surface asperities, no
significant influence on the granule shape (curvature) occurs
(see Figure 9). Therefore, the unloading regime was approxi-
mated using a non-linear model in analogy with the Hertzian
approach,39 considering so-called healing contacts, that is, an
unchanged curvature of the stressed contacts, according to
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E1;U

12m2
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� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1 s2sUð Þ3

q
(11)

with Fel,U the elastic unloading force at contact, sU the resid-
ual displacement after complete unloading corresponding to

Figure 7. Observed trends in (a) the compressive
micro-yield strength and (b) the elasto-plastic
stiffness during cyclic loading at different
loading rates in a granule of size
d50 5 1.75 mm.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 8. (a) Comparison of the moduli of elasticity
during loading and unloading, and (b) the
observed trend in the modulus of elasticity
during unloading of loaded granules at dif-
ferent loading rates.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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zero normal force and #el,U as the fitting parameter of the
model that considers additional displacements due to apparent
viscoelastic effects and adhesive contacts during pull-off of
the stressing walls after complete unloading.

Figures 6–8 clearly show the distributed mechanical prop-
erties of the tested zeolite 4AK granules and also present a
basis to understand the effects of loading rate on them. Fur-
thermore, Figure 10 shows a characteristic force-
displacement curve observed during a complete cycle of
loading–unloading approximated with the described linear
and non-linear contact models. Table 3 summarizes the
parameters used for curve fitting.

Energetic coefficient of restitution

A qualitative parameter to describe the deformation real-
ized in a granule during any dynamic stressing event is the
coefficient of restitution e. It is a dimensionless ratio of the
final impulse of the granule in the decompression, that is,
restitution phase after impact and the first impulse of the
granule in the compressive phase during impact. However,
an energetic coefficient of restitution eE may be determined
for quasi-static stressing events, by directly correlating the
ratio of impulses to a ratio of strain energies (as the mass
remains constant before and after the event), and in turn to a
ratio of the contact stiffnesses (following the Walton–
Braun38 approach) according to
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with m the velocity, Wkin the kinetic energy, Wel,U the elastic
strain energy restored during unloading, Wtot the total strain
energy absorbed during loading, and the subscripts i and r
representing the impact and restitution phases of the dynamic
stressing event. The strain energies had been determined by
spatially integrating the corresponding force-displacement
functions.

In previous communications,7,10 we have furnished that
the energetic coefficient of restitution within the elastic and
elasto-plastic ranges is independent of the granule size; but
dominantly dependent on its pre-stressing history. Similarly,
it has also been experimentally observed in this study, that
the energetic coefficient of restitution is independent of the
constant stressing (loading and subsequent unloading) rate,
eventually showing highly overlapping and intersecting dis-
tributions. Thus, we conclude that within the investigated
range of loading rates, the energetic coefficient of restitution
can be assumed to be approximately constant. The aniso-
tropic nature of granules makes the coefficient of restitution
to be a parameter, only predictable with less precision.
Numerous authors in the past have witnessed to this inabil-
ity.45–52 Thus, it is most appropriate to present the same
using statistical distributions. In Figure 11, we summarize
the energetic coefficient of restitution of all granules tested
by compression tests, determined using both linear and non-
linear approximations of the force-displacement behavior.

The values of the energetic coefficient of restitution deter-
mined by the non-linear approximation of the force-
displacement behavior, is far more accurate than the one
determined by the linear approximation, as it considers
almost the exact trend. Recently Gilson et al.53 reported that
the Tomas model42 predicts an overestimated value of the
dissipated energy while modeling the cyclic contact behavior
of inhomogeneous solids such as agglomerates. The authors

Figure 9. l-CT images of a granule of size
d50 5 3.01 mm (a) prior loading and (b) after
localized cyclic loading with Fm 5 0.4, 0.8,
1.2, and 1.6 Fy.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 10. Experimental force-displacement curve approximated using (a) linear and (b) non-linear contact models.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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presented the energetic coefficient of restitution as an expo-
nential function considering the number of cycles. However,
the model is based on the linear Walton–Braun38 approach,
assuming a constant contact stiffness during unloading and a
residual displacement approached as a secant displacement.
Although, the approach provides a basis to build further on to
model the hardening behavior of granules during cyclic load-
ing, the results presented in this article, clearly substantiate
the validity of the non-linear Tomas model42 for predicting

the energetic characteristics of inhomogeneous anisotropic sol-
ids such as granules.

This interesting proposal probably arises from the much
lower values of the energetic coefficient of restitution in
comparison to the values of the kinematic coefficient of res-
titution reported by impact tests. The key reason for such a
difference is the so-called strain rate, that is, rate of change
of strain, which is significantly higher under dynamic impact
loading (almost 105 or 106 orders of magnitude) than under
quasi-static compressive loading. Furthermore, it is to be
noted that impact loading is characterized by high dynamics,
where there are significant energy losses which affect:
kinetic energy absorption and recovery due to propagation of
elastic stress waves at the instant of impact. Whereas, during
compressive loading, the propagation of stress waves within
the granule are slower, thereby causing a relatively more
intense deformation (due to lesser stressing energy losses)
than that realized by an energetically equivalent impact load.

Strain hardening besides contact zone

As each microscopic constituent uniquely defines a macro-
state, the mechanical properties of the microscopic constitu-
ents are of significant importance to predict the
macromechanical behavior. In general, during cyclic loading,
significant mechanical interactions (which advance during
plastic deformation) occur between structural inhomogene-
ities or so-called dislocations (pores, solid bridge bonds,
microcracks, and defects) within the whole volume of the
loaded granule.

In zeolite 4AK granules, localized granular hardening
advances as a consequence of movement and subsequent
accumulation of such dislocations (see Figure 12), during
cyclic loading in an unmodified strain path. This mechanism
advances by: an initial reorientation of dislocations into a

Table 3. Fitting Parameters used for Approximation of the Force-Displacement Curves

Granule Size
(Mean Diameter)
d50 in mm

Loading
Rate mL

in mm/s

Maximum
Force Level
Fm in Fm=Fy

Fitting Parameter kel-pl

used for Tomas’s
Elasto-plastic Model42

Fitting Parameter #el,U

used for Modified
Hertzian Elastic Model3

1.75 0.01 0.5 – 5.6 6 0.8
1 0.93 6 0.04 3.8 6 0.5

1.5 0.96 6 0.04 3.1 6 0.3
0.02 0.5 – 5.3 6 0.4

1 0.97 6 0.07 3.4 6 0.6
1.5 0.99 6 0.07 3.4 6 0.6

0.08 0.5 – 3.8 6 0.9
1 0.97 6 0.06 3.2 6 0.7

1.5 0.97 6 0.07 2.7 6 0.9
0.15 0.5 – 2.4 6 0.6

1 1.03 6 0.06 2.2 6 0.5
1.5 1.03 6 0.05 2.3 6 0.7

3.01 0.01 0.4 – 4.2 6 0.8
0.8 – 3.2 6 0.4
1.2 0.96 6 0.05 2.9 6 0.7
1.6 0.95 6 0.04 2.6 6 0.7

0.02 0.4 – 5.5 6 1.4
0.8 – 3.9 6 2.2
1.2 0.97 6 0.05 2.8 6 0.4
1.6 0.98 6 0.04 2.7 6 0.8

0.08 0.4 – 3.3 6 1.1
0.8 – 2.3 6 0.8
1.2 1.02 6 0.07 2.3 6 0.6
1.6 1.01 6 0.05 2.0 6 0.3

0.15 0.4 – 3.1 6 1.0
0.8 – 3.6 6 1.8
1.2 1.08 6 0.11 2.5 6 1.1
1.6 1.04 6 0.12 2.9 6 1.0

Figure 11. The energetic coefficient of restitution
determined using linear and non-linear
approximations of the force-displacement
F(s) behavior.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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preferred texture, with respect to the direction of the princi-
pal strain, expanding from the central plastic contact zone
during the first two to three loads; followed by a sharply

decreasing plastic strain due to interactions, interlocking, and
interpenetration of the stress fields of dislocations, during the
next 8–10 cycles; and ultimately resulting in the extinction

Figure 12. Schematic representation and SEM micrographs at 700 times and 2000 times enlargement of the cross-
section of stressed contact zone showing strain hardening and cracking mechanism of zeolite 4AK
granules during cyclic loading.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 13. Changes in micromechanical properties dur-
ing cyclic loading of a granule of size
d50 5 3.01 mm (within the elastic range) in
the (a) modulus of elasticity and the (b) elas-
tic stiffness at maximum elastic force.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 14. Changes in micromechanical properties dur-
ing cyclic loading of a granule of size
d50 5 3.01 mm (within the elasto-plastic
range) in the (a) compressive micro-yield
strength and the (b) elasto-plastic stiffness
at maximum force.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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of plastic strain in the overall contact zone due to achieving
an accumulated critical amount of dislocations, where a
completely stable plastically deformed plane (shear band) is
formed in the direction of the strain path. Nevertheless, it is
important to note that strain hardening occurs only in the
direction of the principal strain forming a locally stable plas-
tically deformed plane, in contrast to the general plastic

yielding which progresses throughout the deforming contact
zone.

In this study, we present localized granular hardening during
cyclic loading with increasing compressive forces. Figures 13

Figure 15. Energetic coefficient of restitution reflecting
strain hardening during cyclic loading.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 16. Comparison of the compressive breakage
forces during monotonic loading until pri-
mary breakage of fresh and cyclically pre-
loaded granules.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 17. Breakage probability of a granule of size d50 5 1.75 mm expressed in terms of (a) apparent compressive
breakage strength, (b) specific compressive breakage energy, and (c) its energetically equivalent impact
breakage velocity.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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and 14 show the changes in micromechanical properties within
the elastic and the elasto-plastic ranges, respectively.

A clearer picture of strain hardening can be understood
from the evaluated energetic coefficient of restitution which
clearly progresses (see Figure 15) due to a decreasing contri-
bution of the plastic strain to the total observed deformation,
even with an increasing compressive force with every cycle.

Concurrently, during movement and accumulation of dis-
locations, fatigue cracks (see Figure 12) nucleate, propagate,
and grow perpendicularly (in a divergent fashion) to the

direction of the maximum principal strain, from the stabiliz-
ing localized plastically deformed contact planes, as a result
of residual stresses, eventually resulting in primary breakage
by fatigue. Nevertheless, granules are locally hardened dur-
ing cyclic loading, and thereby break at compressive force
levels higher than the mean breakage force of fresh granules,
especially during compression in the unmodified strain path
(see Figure 16).

However, on modifying the strain path, that is, by stress-
ing at a new contact different from the cyclically loaded

Table 4. Root-Mean-Square Error and Coefficient of Determination of Distributions Representing the Determined Microme-

chanical and Macromechanical Properties

Mechanical
Property

Granule Size
(Mean Diameter)

d50 (mm)

Maximum
Force Level
Fm in Fm=Fy

Loading
Rate mL

(mm/s)

Normal
Distribution

Lognormal
Distribution

RMS Error R2 RMS Error R2

Modulus of elasticity
during loading E1 in
GPa

1.75 0.5 0.01 0.04 0.98 0.02 0.99
0.02 0.03 0.98 0.02 0.99
0.15 0.05 0.96 0.06 0.95

3.01 0.8 0.01 0.06 0.94 0.05 0.96
1.6 0.03 0.98 0.06 0.94

Elastic contact stiffness at
maximum elastic force
kel in kN/m

1.75 1 0.02 0.04 0.98 0.05 0.96
0.08 0.03 0.98 0.04 0.97
0.15 0.05 0.96 0.06 0.95

3.01 0.4 0.01 0.06 0.93 0.04 0.97
0.8 0.06 0.95 0.05 0.97
1.2 0.06 0.94 0.08 0.90
1.6 0.05 0.96 0.07 0.92

Compressive micro-yield
strength py in MPa

1.75 1 0.02 0.03 0.98 0.05 0.96
0.08 0.03 0.98 0.03 0.98
0.15 0.04 0.98 0.05 0.97

3.01 1.2 0.01 0.06 0.95 0.08 0.91
1.6 0.04 0.97 0.06 0.93

Elasto-plastic contact
stiffness at maximum
force kel-pl in kN/m

1.75 1 0.08 0.02 0.99 0.04 0.98
0.15 0.05 0.95 0.07 0.92

3.01 1.2 0.02 0.06 0.94 0.08 0.89
1.6 0.04 0.97 0.06 0.94

Modulus of elasticity
during unloading E1,U

in GPa

1.75 1.5 0.01 0.05 0.97 0.05 0.96
0.08 0.02 0.99 0.05 0.95
0.15 0.05 0.96 0.07 0.92

3.01 0.8 0.01 0.04 0.97 0.03 0.98
1.6 0.02 0.99 0.05 0.95

Energetic coefficient
of restitution eE

determined by linear
approximation of the
F(s) function

1.75 0.5 0.01 0.05 0.95 0.05 0.96
1.5 0.03 0.98 0.03 0.98

Of all sizes For all force levels At all loading rates 0.01 0.99 0.02 0.99

Energetic coefficient
of restitution eE

determined by
nonlinear
approximation of
the F(s) function

1.75 0.5 0.01 0.08 0.93 0.07 0.94
1.5 0.09 0.87 0.08 0.89

Of all sizes For all force levels At all loading rates 0.00 0.99 0.01 0.99

Compressive breakage
force FB in N

1.75 Until primary breakage
of fresh granules

0.02 0.01 0.99 0.02 0.99

Until primary breakage
of pre-loaded granules

0.02 0.99 0.03 0.98

3.01 Until primary breakage
of fresh granules

0.02 0.99 0.04 0.97

Until primary breakage
of pre-loaded granules

0.05 0.96 0.08 0.91

Apparent compressive
breakage strength rB in
MPa

1.75 Until primary breakage 0.01 0.02 0.98 0.04 0.97
0.02 0.02 0.99 0.03 0.98

Specific compressive
breakage energy WB,m

in J/kg

1.75 Until primary breakage 0.01 0.02 0.99 0.03 0.98
0.02 0.03 0.98 0.04 0.97

Energetically equivalent
impact breakage veloc-
ity meq,B in m/s

1.75 Until primary breakage 0.01 0.01 0.99 0.03 0.98
0.02 0.02 0.99 0.04 0.97
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one, granules break at lower forces. This establishes the fact
that loading a granule increases its strength in the direction
of the principal strain, however, practically advancing its
breakage probability as granules are stressed at random con-
tacts during industrial operations.

Breakage probability

All granules exhibit a dominantly brittle breakage behav-
ior evidently noticeable from the steeply decreasing com-
pressive force instantaneously following primary breakage,
as elaborately discussed in previous communications.6,8,9

Adding on, we present the breakage probability (Figure 17)
at different loading rates using distribution functions of the
apparent compressive breakage strength, the specific com-
pressive breakage energy and its energetically equivalent
impact breakage velocity.

The apparent compressive breakage strength rB is
approximated by

rB5
FB

A1

� 4

p
FB

d2
1

(13)

with FB the force at primary breakage and A1 the cross-
sectional area of the granule.

The specific compressive breakage energy WB,m (related to
the granule mass m1) is given by

WB;m5
WB

m1

5
1

m1

ðsB

s0

F sð Þds (14)

with WB the total compressive energy absorption until pri-
mary breakage and sB the displacement at primary breakage.
An energetically equivalent impact breakage velocity meq,B,
that is, an impact load of equivalent kinetic energy is given
by

veq;B5

ffiffiffiffiffiffiffiffiffiffi
2

WB

m1

r
5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2WB;m

p
(15)

The results clearly imply that at higher displacement-
controlled loading rates, higher loads are required to realize
equivalent breakage probability as achieved at lower
displacement-controlled loading rates.

The root-mean-square error and the coefficient of determi-
nation values for every distribution described in this article
are presented in Table 4.

Conclusions

The presented results in the form of statistical distribu-
tions, present a highly precise representation of the distrib-
uted granular micromechanical, energetic and breakage
characteristics, which may be used to optimize granulation
techniques for future production, and industrial handling
operations (particularly with respect to transportation and
storage) of granules, to avoid undesired deformation and
breakage. In the present state of the art, predicting the
mechanical behavior of bulk assemblies based on the
mechanical behavior of single (constituent) granules is
highly complex, due to the presently indeterminable realis-
tic packing state of almost always polydisperse granules.
Nevertheless, an empirical scale-up criteria may be
approached by comparing the mechanical behavior of indi-
vidual granules with that of a granule bed under isentropic
compression.

The results described in this article, clearly show that the
loading rate is a parameter that influences the compression
behavior of zeolite 4AK granules. At higher displacement-
controlled loading rates, higher compressive loads are
required to realize equivalent deformation and breakage
probability in comparison to those achieved by loads at
lower displacement-controlled loading rates. The observed
effects are expected to intensify during compression of zeo-
lite 4AK granules in the moist and wet states.

The presented evaluations provide a yardstick to under-
stand and also serve as a foundation to comprehensively
investigate the rate-dependent viscous deformation of zeolite
4AK granules by evaluating a model-based damping coeffi-
cient which describes the viscous damping behavior. Further-
more, the results may be used to calibrate representative
granules using the discrete element method, and numerically
simulate the compression behavior under different
displacement-controlled loading rates.
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Notation

Roman symbols

A1 = cross-sectional area of the granule, mm2

Apl = circular inner plastic contact area, mm2

Atot = total contact area, mm2

d1 = diameter of the granule, mm
d50 = mean diameter of granules which form 50% of the total sample

mass, mm
E* = effective modulus of elasticity of the granule and the flat stiff

contact, GPa
E1 = modulus of elasticity of the granule during loading, GPa

E1,U = modulus of elasticity of the granule during unloading, GPa
E2 = modulus of elasticity of the flat stiff wall, GPa

e = coefficient of restitution, dimensionless
eE = energetic coefficient of restitution, dimensionless
FB = force at primary breakage, N
Fel = elastic contact force during loading, N

Fel-pl = elasto-plastic contact force during loading, N
Fel,U = elastic contact force during unloading, N

FL = loading force, N
Fm = maximum defined force level, N
FU = unloading force, N
Fy = force at yield point, N
kel = elastic contact stiffness, kN/m

kel-pl = elasto-plastic contact stiffness, kN/m
kL = loading stiffness, kN/m
kU = unloading stiffness, kN/m
m1 = mass of the granule, g
py = compressive micro-yield strength, MPa

P = probability distribution function, dimensionless
PB = breakage probability distribution function, dimensionless
Py = yield probability distribution function, dimensionless
Q3 = mass-related granule size distribution function, dimensionless
R* = effective radius of curvature of the granule and of the flat stiff

contact, mm
R1 = radius of curvature of the granule, mm
R2 = radius of curvature of the flat stiff contact, indeterminable
Sm = specific surface area of the granule, m2/kg

s = displacement, mm
sB = displacement at primary breakage, mm
sm = displacement corresponding to maximum normal force, mm
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sU = residual displacement at unloading corresponding to zero load-
ing force, mm

sy = displacement at yield point, mm
veq,B = energetically equivalent impact velocity initiating primary

breakage, m/s
vi = impact velocity, m/s
vL = displacement-controlled constant loading rate, mm/s
vr = rebound velocity, m/s

WB = compressive energy required to initiate primary breakage, J
WB,m = specific compressive breakage energy, J/kg
Wel,U = elastic strain energy recovery during unloading, J
Wkin,i = kinetic impact energy, J
Wkin,r = kinetic rebound energy recovery, J

Wtot = total compressive energy absorption during loading, J

Greek letters

d = displacement of the granule at a single contact, mm
e = porosity, %

jA = elasto-plastic contact area coefficient, dimensionless
kel-pl = fitting parameter of Tomas’s elasto-plastic model,42 dimensionless

m1 = Poisson’s ratio of the granule, dimensionless
m2 = Poisson’s ratio of the flat stiff wall, dimensionless
p = mathematical constant, dimensionless

qg = granule density, kg/m3

qs = solid (true) density, kg/m3

rB = apparent compressive breakage strength, MPa
rc = compressive stress, MPa
ru = tensile stress, MPa

s = shear stress, MPa
w = sphericity, dimensionless

#el,U = fitting parameter of the proposed modified Hertzian elastic
model, dimensionless
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